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Abstract-Although many dynamic element matching
(DEM) digital to analog converters (DACs) have identical archi-
tectures, analyses of DEM DACs have been specific to the
DAC’s DEM technique. In this paper, a particular DEM DAC
architecture is analyzed and criteria are developed for compar-
ing this architecture’s performance when various DEM tech-
niques are applied to it.

1. INTRODUCTION

Dynamic element matching (DEM) is a dynamic process
that can reduce the effects of component mismatches in elec-
tronic circuits. DEM techniques dynamically rearrange the
interconnections of mismatched components so that the time
averages of the equivalent components at each of the compo-
nent positions are nearly equal. If this dynamic rearrange-
ment is deterministic, the DEM technique is said to be deter-
ministic, and if the dynamic rearrangement of mismatched
components is stochastic, the DEM technique is said to be
stochastic.

Deterministic and stochastic DEM techniques have been
used to reduce the effects of component mismatches in digital
to analog converters (DACs) thereby improving their perfor-
mance [1; 2; 3;4; 5; 6]. Because DEM techniques dynami-
cally rearrange components, deterministic DEM DACs can
be classified as time varying systems, and stochastic DEM
DACs can be classified as random systems. Also, because
DACs contain mismatched components, DACs are nonlinear
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Fig. 1. A B bit DEM DAC.

systems which implies that deterministic and stochastic DEM
DACs can be classified as nonlinear time varying systems
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and nonlinear random systems, respectively. As a result,
analyses of DEM DACs have been specific to the DAC’s
DEM technique even though many DEM DACs have identi-
cal architectures. In this paper, a particular DEM DAC archi-
tecture is analyzed and criteria are developed for comparing
this architecture’s performance when various DEM tech-
niques are applied to it.

II. A DEM FLASH DAC ARCHITECTURE

Fig. 1 shows the block diagram of a B bit flash DAC that
performs DEM by mapping a B bit binary input signal, x(n),
where Xg < x(N) < % +2B-1 to 2% unit DACs [4]. In
Fig. 1, the natural binary converter transforms the input sig-
nal, x(n), where Xg < X(n) < ¥ + 28 —1 into the B bit natural
binary signal, x(n), where x(n)=x(n — % which implies
that 0< x(n) < 28 -1, The modified thermometer coder
converts the natural binary coded signal, x(n), into a 27 bit
modified thermometer coded signal, #(n). The interconnec-
tion network connects the 2 bits of the modified thermome-
ter coded signal, #(n), to the 2% unit DACs. Regardless of the
interconnection network’s control signal, ¢(n), the intercon-
nection network’s output, g(n), activates X(n), or x(n)-x, unit
DACs and deactivates the remaining 2Z-x(n), or ZB-x(n)+x0,
unit DACs. If each activated unit DAC generates an analog
signal, a, and each deactivated unit DAC generates an analog
signal, d, the DAC’s quantization step sizes or code widths,
q, are the difference between a and d, that is ¢ = a-d which is
a constant. The DAC’s output, y(nT), is the sum of all of the
unit DAC outputs, that is,

Y= () + 25~ x( )
=@-dx(n+®@®=qxn- ]+ a® O

In practice, mismatched components between each of the
unit DACs prevent the analog outputs of the unit DACs from
having identical activated and deactivated values, respec-
tively. As a result, the DAC’s quantization step sizes or code
widths are not constant, the DAC’s transfer characteristic is
nonlinear, and the DAC’s performance is degraded [7]. To
improve the DAC’s performance, the DEM DAC’s intercon-
nection network dynamically alters the mapping between the
input signal, x(n), and the mismatched unit DACs so that the
time averages of the activated and deactivated unit DAC out-
puts are nearly equal, respectively.

In this paper, a general analysis of the DEM DAC in
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Fig. 1 is developed. Using this analysis, the DAC’s mean
integral nonlinearity (INL), the variance of the DAC’s INL,
the DAC’s output signal to distortion ratio (SDR), and the
DAC’s output signal to noise plus distortion ratio (SNDR)
can be calculated and used as criteria to compare DEM DACs
using various interconnection networks and control signals.

III. AN ANALYSIS OF DEM DACs

In Fig. 1, the DEM DAC’s output, y(n7), is a function of
t(n) which is a function of x(#), the interconnection network,
the interconnection network’s control signal, ¢(n), and the
activated and deactivated analog outputs generated by each of
the unit DACs.

To express #(n) as a function of x(n), let X,(n) represent
X(n)’s kth bit where X,(n) is X(n)’s least significant bit (LSB).
If #(n) is represented by the vector, T(#), where

-
T(n) = tl(n)itZ(n)itS(n)v’"1tZB(n) 5
the superscript T denotes transpose, and #,(n) is #(n)’s LSB,
then T(n) is defined such that t(n)=0 and
t k-1, (n) =t k(n) Xk(n). Using the vector, T(n), to
represent t(n) t(n) and x(n) can be related by
TTMT() = x(n) = X(n) = Xo.
To express the interconnection network’s 28 bit output
signal, g(n), as a function of x(n), let the vector, G(n), repre-
sent g(n) where

6 =[ (.02, ,5.r)]

and g,(n) is g(n)’s LSB. Because G(n) is a function of c(n)
and #(n), which is a function of x(n), the interconnection net-
work can be represented by the transformation T ¢ such that

G(n) = Tg[x(n),c(n)]. )
Regardless of the transformation T, ¢ and c(n),
GT(NGM) =T (TN =x(N=x()-%. ()

and thus, the interconnection network activates x(n), or x(n)-
x> unit DACs and deactivates the remaining 2B—X(n), or 25-
x(n)tx, unit DACs.
To express y(nT) as a function of G(n), define the output,
Y (nT), of the kth unit DAC as
A, o(n=1 [a +he, g(n)=1

T) =
A Fheo G(M=0" [ﬂ+|k, gk (n) =0

where a, and dk are the values of the activated and deacti-
vated kth unit DAC, respectively,

_ 1 2B
:2_BZk=1ak’

- 1 2B
d =2_sz=1dk' @)

h, =a,—a,and |, =d, —d. Asaresult, the DAC’s output,
y(nT), can be written as
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ZB
YT = 3 Yi(nT)
k=1

=aG' (NG(n)+G' (NH

+ 6[1— G(n)]T[l—G(n)] [1- G(n)]TL )
where H =[hy L=[l; - 1 B] and 1 is a
28 x 1 vector of ones. 2Substltutlng (3) into (5) and defining
g as the DAC’s average code width, which implies that
g=(a-d), the DAC’s output, y(nT), can be written as
y(nT) = (@-d)[x(n) - o] +d2°

+GT(NH +[1-G(n)]"L
=q[x(n) - %] +d2% +GT((H-L)+1TL  (6)
Because dy =d +ly, (4) can be written as
~ 1 8B 3
T B 2 k=1
which implies that
2B _ Ty
e lk=1"L =0. )
Similarly, because ay = a+ hy,

B

Se h=1"H=0. (8)
Substituting (2) and (7) into (6), the DAC’s output can be
written as

y(nT) = [ x(n) - xo] +d2° + TG[x(n) c(M](H-L). (9)

In (9), the term, q[x(n) XO] +d28, is similar to the ideal
DAC’s output in (1), and represents the DAC’s output when
all of the unit DAC’s activated and deactivated analog out-
puts are identically @ and d, respectively. Therefore, the
last term, ‘Tg[x(n),c(n)](H -L), in (9), is the DAC’s non-
linear transformation that describes the DAC’s INL.

When calculating performance criteria for the DEM DAC
in Fig. 1, it is necessary for the DC power in the DAC’s digi-
tal input, x(n), and the DC power of DAC’s undistorted out-
put, q[x(n) XO] + d2 to be equal. Therefore, this paper
assumes that Xg = d2B / g which implies that

y(nT) = T[x(n), c(n)] = Gx(n) + Ty [X(n).c(M)].  (10)
where T represents the DAC’s transformation and Ty
represents the transformation of the DAC’s INL, that is,

i [, o] = TE[X(), em](H - L).
IV. PERFORMANCE CRITERIA FOR DEM DACS

In this section, the mean of the DAC’s INL, the variance
of the DAC’s INL, the DAC’s SDR, and the DAC’s SNDR
are determined for stochastic DEM DAC. These perfor-
mance criteria can also be applied to deterministic DEM
DACs by replacing the probabilistic means and variances
with arithmetic means and variances, respectively.

To calculate the mean of a stochastic DEM DAC’s INL,
apply the expectation operator conditioned on the input sig-
nal, x(n), to the DAC’s output in (10) that is,
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E[y(")x(m)] = ax(n) + E{TG [x(n),c(n)]‘x(n)}(H -L).(11)
In (11), the term, gx(n), represents the DAC’s output when
all of the DAC’s code widths are identically @, and there-
fore, the second term, E T’C_T;[x(n),c(n)] [ x(n)p(H -L), in
(11) is the stochastic DEM
ular input, x(#n), that is,

| Tine )] = E{ TS [x. cmxmfH - L) (12)

Using (12), a stochastic DEM DAC’s INL variance,
UéINL < conditioned on x(7) can be calculated as

aﬂZﬁNL‘X =(H- L)T %{Tqu‘x(n)}

- E{TG|x(n)} E{TGT‘x(n)} {H-1). (3

which is also the DAC’s output variance, 0)2,|x(n), condi-
tioned on x(n), that is,

AC’s expected INL for a partic-

(14)

Two other criteria used to measure a DAC’s performance
are SDR and SNDR. To calculate a stochastic DEM DAC’s
SDR, assume that the DAC’s analog output, y(¢), is an
impulse train weighted by y(n7), that is,

y(t) =3 o, Y(NT)3(t - nT)
where &(¢) is the Dirac delta function. Using this assumption,
the DAC’s average signal plus distortion power, Py, can be
written as

2 _ 2
Uylx - O-‘TJ|N|_‘X.

R = Ely2(nT)] = E[ E[yz(nT)‘x(n)]] . (15)
Substituting (10) into (15),
R =Ry * R (16)
where
Ry = GZE[xz(n)]
and

R, = 2qE{ x(n) E[T,NL|x(n)]} +o2 +E T
In (16), the first term, Py, is the average output power of a
linear DAC with code widths @ and the second term, Py, is
the average power of the output’s conversion errors or distor-
tion. Therefore, the DAC’s SDR is

a2E) ()| o
ZQE{ X(n)E[TINL|X(n)]}+U§JINL +E2[‘fl NL] .

To calculate a stochastic DEM DAC’s SNDR, consider an
input, x(n), which can be written as
x(n) = s(n) +w(n)
where s(n) is the signal component of the DAC’s input and
w(n) is an independent zero mean white noise component of
the DAC’s input. Using (10), the DAC’s output, y(nT), can
be written as

DR= )
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y(nT) = T[s(n) +w(n), c(n)]

=gs(n) +gw(n) + T [s(n) + w(n),c(m)].  (18)
Substituting (18) into (15),
Py = PYI + I:)Yn+d (19)
where
Ry = qu[sz(n)]
and
Rinva = qu[wz(n)] * U%INL * EZ[T'N'-]

+2qE{ x(n) E[T|NL|x(n)]}

where X(n) =s(n) +w(n). In (19), the first term, P, is the
average output power of a linear DAC with code widths G
and the second term, Py o is the average power of the
output’s noise plus distortion. Therefore the DAC’s SNDR is

92E[s(n)|
E’QZE[WZ(n)] +aq2JINL + EZ[T”\"_]S.

- epodrpo]

To calculate the mean of the INL, the variance of the INL,
the SDR, and the SNDR for a deterministic DEM DAC,
replace the probabilistic means and variances in (12), (14),
(17) and (20) with arithmetic averages and variances, respec-
tively.

SNDR=

(20)

IV. StocHASTIC DEM DACS

For stochastic DEM DACSs, interconnection networks are
often chosen and controlled such that

E[y(nT)x(n)] = ax(n).

which implies that
&[T x()] = E{ffg [x(n),c(n)]‘x(n)}(H -1)=0. (22
For these types of stochastic DEM DACs, the performance

criteria described by (14), (17) and (20) can be simplified by
substituting (22) into these equations. Substituting (22) into

(14),
U(?JINL‘X =(H-1) E[TG[X("‘)-C(n)]

21

x 77 [x(n),c(n)]‘x(n)](H “L). (@3)

which is also the DAC’s mean squared INL for a particular
x(n). Substituting (22) into (17), the DAC’s SDR is

R, _ G°EX(M
PR=—2 = 5 , (24)
Pye O-TINL
and substituting (22) into (20), the DAC’s SNDR becomes
9%E[s*(n)
S\DR= . I (25)
d EIW (n)l 0T
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IV. EXAMPLE

Consider a six bit linear DAC that has a full scale dithered
sinusoidal input with a frequency of 313102048 radians/sam-
ple. The dither sequence is a strictly white sequence with a
triangular probability distribution function supported on
(-0,9). Fig. 2(a) shows the power spectral density (PSD) of
the simulated DAC’s output. The PSD was obtained by
averaging 40 periodograms each corresponding to 212 sam-
ples of the dithered sinusoid input sequence. For this exam-
ple, consider the DEM DAC in Fig. 1 where the unit DACs
have linear gradient errors that vary linearly from +5% to
-5% of an LSB and uniformly distributed random errors that
are uniformly distributed between +2% and -2% of an LSB.
Fig. 2(b) shows the PSD of the nonlinear DAC’s output.
This PSD was also obtained by averaging 40 periodograms
each corresponding to 212 samples.

For this example, the interconnection network is the
Benes network in [5] where c(n) is an independent white
uniformly distributed stochastic signal. Fig. 2(c) shows the
PSD of this stochastic DEM DAC’s output. For this network
and control signal, it can be shown [5] that

E[T |x(n)] )((n)

which implies E[T|N|_|X(n2]] =0, and thus the DAC’s aver-
age transformation can be described by (21). It can also be
shown [5] that

drarhon] <200,

X028 -x]
B( B 1) Lt

28(28 1) 28

Where Ie is the 28 by 27 identity matrix and 125 is the 28

by 25 ones matrlx Using (24), the DAC’s SDR is 41.9 dB,

and using 40 x 2t samples, the DAC’s experimental SDR is
41.9 dB. Assuming the DAC’s input, x(n), has the form,
s(n)+w(n), where s(n) is the unquantized sinusoidal input
without dither and w(n) is the signal that includes quantiza-
tion and dither n01se the DAC’s SNDR is 31.5 dB using
(25). Using 40x 2% samples, the DAC’s experimental
SNDR is 31.5 dB.

V. SUMMARY

In this paper, the DEM DAC architecture in Fig. 1 is ana-
lyzed and described by the transformation in (10). Using
(10), expressions for the DAC’s mean INL, the variance of
the DAC’s INL, the DAC’s SDR, and the DAC’s SNDR
were developed and are described by (12), (13), (17) and
(20), respectively. The expressions in (13), (17) and (20)
were further simplified in (23), (24) and (25) for DAC’s that
have zero mean INL. Using these criteria, a stochastic DEM
DAC that uses a Benes interconnection network is analyzed,
and theoretical results are compared to experimental simu-
lated results.
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Fig. 2. Power spectral density for (a) linear six bit DAC, (b)
nonlinear six bit DAC and (c) stochastic Benes network DEM DAC.
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